space T z M to M at z to the tangent space T f (z) M ′ . A manifold mapping f of M is termed immersion (resp. submersion) if it is immersion (resp. submersion) at all points of M.
A triple f : M → M ′ is called the submanifold (resp. the fibred manifold) if f is both immersion and injection (resp. both submersion and surjection) of M to M ′ . A submanifold which also is a topological subspace is called the imbedded submanifold. Every open subset U of a manifold M is endowed with the manifold structure such that the canonical injection i U : U ֒→ M is imbedding.
Fibred manifolds
Throughout the work, by Y is meant a fibred manifold
over an n-dimensional base X. We use symbols y and x for points of Y and X respectively. The total space Y of a fibred manifold Y → X, by definition, is provided with an atlas of fibred coordinates (x λ , y i ),
where (x λ are coordinates of X. They are compatible with the fibration (1) . A fibred manifold Y → X is called the locally trivial fibred manifold if there exists a fibred coordinate atlas of Y over an open covering {π −1 (U ξ )} of Y where {U ξ } is an open covering of the base X. In other words, all points of a fibre of Y belong to the same coordinate chart. By a differentiable fibre bundle (or simply a bundle), we mean the locally trivial fibred manifold (1) provided with a family of equivalent bundle atlases Ψ = {U ξ , ψ ξ },
where V is a standard fibre of Y . Recall that two bundle atlases are called equivalent if their union also is a bundle atlas. If Y → X is a bundle, the fibred coordinates (2) of Y are assumed to be bundle coordinates associated with a bundle atlas Ψ of Y , that is,
where φ i are coordinates of the standard fibre V of Y . Given fibred manifolds Y → X and Y ′ → X ′ , by a fibred morphism is meant a fibreto-fibre manifold mapping Φ : Y → Y ′ over a manifold mapping f : X → X ′ . If f = Id X , fibred morphism is termed the fibred morphism → X over X. In particular, let X X denotes the fibred manifold Id X : X ֒→ X. Given a fibred manifold Y → X, a fibred morphism X X → Y over X is a global section of Y → X. It is a closed imbedded submanifold. Let N be an imbedded submanifold of X. A fibred morphism N N → Y over N ֒→ X is called a section of Y → X over N. For each point x ∈ X, a fibred manifold, by definition, has a section over an open neighborhood of x.
Remark. In accordance with the well-known theorem, if a fibred manifold Y → X has a global section, every section of Y over a closed imbedded submanifold N of X is extended to a global section of Y due to the properties which are required of a manifold.
If fibred morphism Y → Y ′ over X is a submanifold, Y → X is called the fibred submanifold of Y ′ → X. Fibred imbedding and fibred diffeomorphism are usually callled the monomorphism and the isomorphism respectively.
Given a fibred manifold Y → X, every manifold mapping f : X ′ → X yields the pullback f * Y → X ′ comprising the pairs
together with the surjection (y, x ′ ) → x ′ . Every section s of the fibred manifold Y → X defines the corresponding pullback section
A composite fibred manifold (or simply a composite manifold) is defined to be composition of surjective submersions
It is the fibred manifold Y → X provided with the particular class of coordinate atlases:
where (x µ , σ m ) are fibred coordinates of the fibred manifold Σ → X. In particular, let T Y → Y be the tangent bundle of a fibred manifold Y → X. We have the composite manifold
Given the fibred coordinates (2) of Y , the corresponding induced coordinates of T Y are (x λ , y i ,ẋ λ ,ẏ i ). 
For the sake of simplicity, we shall denote the products
by the symbols T X and T * X respectively. Different splittings
of the exact sequences (7a) and (7b), by definition, correspond to different connections on a fibred manifold Y . At the same time, there is the canonical bundle monomorphism
Let Φ : Y → Y ′ be a fibred morphism over f . The tangent morphism T Φ to Φ reads
It is both a linear bundle morphism over Φ and a fibred morphism over the tangent morphism T f to f . Its restriction to the vertical tangent subbundle V Y yields the vertical tangent morphism
Vertical tangent bundles of fibred manifolds utilized in field theory meet almost always the following simple structure.
One says that a fibred manifold Y → X has vertical splitting if there exists the linear isomorphism
where Y → X is a vector bundle. The fibred coordinates (2) of Y are called adapted to the vertical splitting (11) if the induced coordinates of the vertical tangent bundle V Y take the form
where (x µ , y i , y i ) are bundle coordinates of Y . In this case, transition functionsẏ i →ẏ ′i between induced coordinate charts are independent on the coordinates y i . In particular, a vector bundle Y → X has the canonical vertical splitting
An affine bundle Y modelled on a vector bundle Y has the canonical vertical splitting
Moreover, linear bundle coordinates of a vector bundle and affine bundle coordinates of an affine bundle are always adapted to these canonical vertical splittings. We shall refer to the following fact. 
over Y given by the coordinate expression
By differential forms (or symply forms) on a fibred manifold, we shall mean exterior, tangent-valued and pullback-valued forms.
Recall that a tangent-valued r-form on a manifold M is defined to be a section
In particular, tangent-valued 0-forms are vector fields on M. Remark. There is the 1:1 correspondence between the tangent-valued 1-forms on M and the linear bundle morphisms
For instance, Id T M corresponds to the canonical tangent-valued 1-form on M: The F-N bracket is defined to be the sheaf morphism
where L u and L v are the Lie derivatives of exterior forms. We have its coordinate expression
Given a tangent-valued form φ, the Nijenhuis differential is defined to be the sheaf morphism
In particular, if θ = u is a vector field, we have the Lie derivative of tangent-valued forms
The Nijehuis differential (16) can be extended to exterior forms σ by the rule
In particular, if φ = θ M , the familiar exterior differential
On a fibred manifold Y → X, we consider the following particular subsheafs of exterior and tangent-valued forms:
(ii) tangent-valued horizontal forms
(iii) tangent-valued projectable horizontal forms
Vertical-valued horizontal 1-forms on Y → X are termed the soldering forms. By pullback-valued forms on a fibred manifold Y → X, we mean the morphisms
Let us emphasize that the forms (18) are not tangent-valued forms and the forms (19) are not exterior forms on Y . In particular, we shall refer to the pullback π * θ X of the canonical form θ X on the base X by π onto Y . This is a pullback-valued horizontal 1-form on Y → X which we denote by the same symbol
Horizontal n-forms on a fibred manifold Y → X are called horizontal densities. We denote
Jet manifolds
This Section briefs some notions of the higher order jet formalism and illustrates them by the ones of first and second order jet machineries. We use the multi-index Λ, | Λ |= k for symmetrized collections (λ 1 ...λ k ). By Λ + λ is meant the symmetrized collection (λ 1 ...λ k λ). 
In other words, sections of Y → X are identified by the first k + 1 terms of their Teylor series at points of X.
Given fibred coordinates (2) of Y , the k-order jet space J k Y is provided with atlases of the adapted coordinates (
They bring J k Y into a finite-dimensional smooth manifold satisfying the conditions which we require of a manifold. It possesses the composite fibration
In particular, the first order jet manifold (or simply the jet manifold) J 1 Y of Y consists of the equivalence classes j 
In other words, sections s ∈ j 
We have the composite manifold
The surjection (21) is a fibred manifold. The surjection (22) is a bundle. If Y → X is a bundle, so is the surjection (21). The first order jet manifold J 1 Y of Y is provided with the adapted coordinate atlases
A glance at the transformation law (24) shows that the bundle J 1 Y → Y is an affine bundle. We call it the jet bundle. It is modelled on the vector bundle
The second order jet manifold J 2 Y of a fibred manifold Y → X is defined to be the union of all equivalence classes j 
Let Y and Y ′ be fibred manifolds over SXS and Φ : Y → Y ′ a fibred morphism over a diffeomorphism f of X. It yields the k-order jet prolongation
In particular, the first order jet prolongation (or simply the jet prolongation) of Φ reads
It is both an affine bundle morphism over Φ and a fibred morphism over the diffeomorphism f . Every section s of a fibred manifold Y → X admits the k-order jet prolongation to the section (
In particular, its first order jet prolongation to the section J 1 s of the fibred jet manifold
Every vector field
on a fibred manifold Y → X has the jet lift to the projectable vector field
on the fibred jet manifold J 1 Y → X. To construct it, we use the canonical fibred morphism r :
, where J 1 T Y is the jet manifold of the fibred manifold T Y → X. In particular, there exists the canonical isomorphism
where J 1 V Y is the jet manifold of the fibred manifold V Y → X and V J 1 Y is the vertical tangent bundle of the fibred manifold J 1 Y → X. As a consequence, the jet lift (28) of a vertical vector field u on a fibred manifold Y → X consists with its first order jet prolongation
to a vertical vector field on the fibred jet manifold
where J 2 V Y is the second order jet manifold of the fibred manifold V Y → X and V J 2 Y is the vertical tangent bundle of the fibred manifold J 2 Y → X. As a consequence, every vector field u on a fibred manifold Y → X admits the second order jet lift to the projectable vector field
In particular, if
is a projectable vector field on Y , its second order jet lift reads
Given a k-order jet manifold J k Y of Y , we have the fibred morphism
where J k V Y is the k-order jet manifold of the fibred manifold V Y → X and V J k Y is the vertical tangent bundle of the fibred manifold J k Y → X. As a consequence, every vector field u on a fibred manifold Y → X has the k-order jet lift to the projectable vector field
on J k Y where
The expression (31) is the k-order generalization of the expressions (28) and (30). Algebraic structure of a bundle Y → X also has the jet prolongation to the jet bundle J 1 Y → X due to the jet prolongations of the corresponding morphisms. If Y is a vector bundle, J 1 Y → X does as well. Let Y be a vector bundle and the linear fibred morphism
The jet prolongation of is the linear fibred morphism
Let Y → X and Y ′ → X be vector bundles and ⊗ the bilinear fibred morphism
The jet prolongation of ⊗ is the bilinear fibred morphism
If Y is an affine bundle modelled on a vector bundle Y , then J 1 Y → X is an affine bundle modelled on the vector bundle J 1 Y → X. Proposition 1.3: There exist the following bundle monomorphisms:
(ii) the complementary morphism
These monomorphisms able us to handle the jets as familiar tangent-valued forms. The canonical morphisms (33) and (34) define the bundle monomorphisms
The morphism (35) yields the canonical horizontal splitting of the pullback
Accordingly, the morphism (36) yields the dual canonical horizontal splitting of the pullback
In other words, over J 1 Y , we have the canonical horizontal splittings of the tangent and cotangent bundles T Y and T * Y and the corresponding splittings of the exact sequences (7a) and (7b).
In particular, one gets the canonical horizontal splittings of (i) a projectable vector field
(ii) an exterior 1-form
(iii) a tangent-valued projectable horizontal form
(iv) the canonical 1-form
As an immediate consequence of the splitting (40), we get the canonical horizontal splitting of the exterior differential
Its components d H and d V act on the pullbacks of horizontal exterior forms
If φ = φω is an exterior horizontal density on Y → X, we have
There exist the following second order generalizations of the contact map (33) and the complementary morphism (34) to the second order jet manifold J 2 Y :
(ii) θ 1 :
The contact map (42) defines the canonical horizontal splitting of the exact sequence
In particular, we get the canonical horizontal splitting of a projectable vector field u on J 1 Y over J 2 Y :
Using the morphisms (42) and (43), we can still obtain the horizontal splittings of the canonical tangent-valued 1-form θ J 1 Y on J 1 Y and, as a result, the horizontal splitting of the exterior differential which are similar the horizontal splittings (40) and (41):
The contact maps (33) and (42) are the particular cases of the monomorphism
The k-order contact map (46) sets up the canonical horizontal splitting of the exact sequence
In particular, we get the canonical horizontal splitting of a projectable vector field u on
This splitting is the k-order generalization of the splittings (39) and (30).
Definition 1.4:
The repeated jet manifold J 1 J 1 Y is defined to be the first order jet manifold of the fibred jet manifold J 1 Y → X. Given the coordinates (24) of J 1 Y , the repeated jet manifold
There are the following two bundles:
Their affine difference over Y yields the Spencer bundle morphism
. The kernel of this morphism is the sesquiholonomic affine subbundle
of the bundles (48) 
We have the following affine bundle monomorphisms
over J 1 Y and the canonical splitting 
Given the fibred jet manifold J k Y → X, let us consider the repeated jet manifold 
and the canonical splitting
We have the following integrability condition. Lemma 1.6: Let s be a section of the fibred manifold J k Y → X. Then, the following conditions are equivalent:
Building on Proposition 1.5 and Lemma 1.6, we now describe reduction of higher order differential operators to the first order ones.
Let Y and Y ′ be fibred manifolds over X and J k Y the k-order jet manifold of Y . Definition 1.7: A fibred morphism
is called the k-order differential operator (of class C ∞ ) on Y . It sends every section s of the fibred manifold Y to the section E • J k s of the fibred manifold Y ′ . Proposition 1.8: Given a fibred manifold Y , every first order differential operator
on
In particular, every k-order differential operator (54) yields the morphism
where pr 2 : J k Y → J k Y is the surjection corresponding to the canonical splitting (53). It follows that, for every section s of a fibred manifold Y → X, we have the equality
We call E ′ (56) the sesquiholonomic differential operator and consider extensions of a k-order differential operator E (54) to first order differential operators (55) only through its extension to the sequiholonomic differential operator (56).
Let s be a section of the fibred (k − 1)-order jet manifold J k−1 Y → X such that its first order jet prolongation J 1 s takes its values into the sesquiholonomic jet manifold J k Y . In virtue of Lemma 1.6, there exists a section s of Y → X such that s = J k−1 s and
Let
Y is a vector bundle. Let the k-order differential operator (54) on a fibred manifold Y be a fibred morphism over Y . By Ker E is meant the preimage E −1 ( 0(Y )) where 0 is the canonical zero section of Y ′ → Y . We say that a section s of Y satisfies the corresponding system of k-order differential equations if
Let a k-order differential operator E on Y → X be extended to a first order differential operator E ′′ on J k−1 Y . Let s be a section of the fibred manifold J k−1 Y → X. We shall say that s is a sesquiholonomic solution of the corresponding system of first order differential equations if
Proposition 1.9:
The system of the k-order differential equations (58) and the system of the first order differential equations (59) are equivalent to each other.
Proof. In virtue of the relation (57), every solution s of the equations (58) yields the solution
of the equations (59). Every solution of the equations (59) takes the form (60) where s is a solution of the equations (58).
General Connections
The most of existent differential geometric methods in field theory is based on principal bundles and principal connections. We follow the general notion of connections as sections of jet bundles J 1 Y → Y without appealing to transformation groups. Given a fibred manifold Y → X, the canonical horizontal splittings (37) and (38) 
By means of the contact map λ (33), every connection Γ (61) on a fibred manifold Y → X can be represented by a projectable tangent-valued horizontal 1-form λ • Γ on Y which we denote by the same symbol
Substituting a connection Γ (62) into the canonical horizontal splittings (37) and (38), we obtain the familiar horizontal splittingṡ
of the tangent and cotangent bundles T Y and T * Y with respect to a connection Γ on Y . Conversely, every horizontal splitting (63) determines a tangent-valued form (62) and, consequently, a global jet field on Y → X.
Since the affine jet bundle J 1 Y → Y is modelled on the vector bundle (25), connections on a fibred manifold Y constitute an affine space modelled on the linear space of soldering forms on Y . It follows that, if Γ is a connection and
is a soldering form on a fibred manifold Y , then
is a connection on Y . Conversely, if Γ and Γ ′ are connections on a fibred manifold Y , then
is a soldering form on Y .
For instance, let Y → X be a vector bundle. A linear connection on Y reads
One introduces the following basic forms involving a connection Γ and a soldering form σ on a fibred manifold Y :
(i) the curvature of Γ:
(ii) the torsion of Γ with respect to σ:
(ii) the soldering curvature of σ:
In particular, the curvature (65) of the linear connection (64) reads
A connection Γ on a fibred manifold Y → X yields the affine bundle morphism
It is called the covariant differential. The corresponding covariant derivative of sections s of Y reads
A section s of a fibred manifold Y is called an integral section for a connection Γ on Y if
that is, ∇ Γ s = 0. Now, we consider some particular properties of linear connections on vector bundles. Let Y → X be a vector bundle and Γ a linear connection on Y . On the dual vector bundle Y * → X, there exists the dual connection Γ * is called the dual connection to Γ given by the coordinate expression
For instance, a linear connection K on the tangent bundle T X of a manifold X and the dual connection K * to K on the cotangent bundle T * X read
Let Y and Y ′ be vector bundles over X. Given linear connections Γ and Γ ′ on Y and Y ′ respectively, the tensor product connection Γ ⊗ Γ ′ on the tensor product
is defined. It takes the coordinate form
The construction of the dual connection and the tensor product connection can be extended to connections on composite manifolds (4) when Y → Σ is a vector bundle.
Let Y → Σ → X be the composite manifold (4). Let J 1 Σ, J 1 Y Σ and J 1 Y the first order jet manifolds of Σ → X, Y → Σ and Y → X respectively. Given fibred coordinates (x λ , σ m , y i ) (5) of Y , the corresponding adapted coordinates of the jet manifolds
We say that a connection
on a composite manifold Y → Σ → X is projectable to a connection
on the fibred manifold Σ → X, if there exists the commutative diagram
Let Y → Σ be a vector bundle and
a linear morphism over Γ. Let Y * → Σ → X be a composite manifold where Y * → Σ is the vector bundle dual to Y → Σ. On Y * → X, there exists the dual connection 
there exists the tensor product connection
projectable to Γ.
In particular, let Y → X be a fibred manifold and Γ a connection on Y . The vertical tangent morphism V Γ to Γ defines the connection
on the composite manifold V Y → Y → X due to the canonical isomorphism (29). The connection V Γ is projectable to the connection Γ on Y , and it is a linear bundle morphism over Γ:
The connection (76) yields the connection
on the composite manifold V * Y → Y → X which is the dual connection to V Γ over Γ. Now, we consider second-order connections. Definition 1.11: A second order jet field (resp. a second order connection) Γ on a fibred manifold Y → X is defined to be a first order jet field (resp. a first order connection) on the fibred jet manifold J 1 Y → X, i.e. this is a section (resp. a global section) of the bundle (48).
In the coordinates (47) of the repeated jet manifold J 1 J 1 Y , a second order jet field Γ is given by the expression (y The first order jet prolongation J 1 Γ of the connection Γ on Y is a section of the bundle (49), but not the bundle π 11 (48). Let K * be a linear symmetric connection (72) on the cotangent bundle T * X of X:
There exists the affine fibred morphism 
on Y . This is an affine morphism
? ?
over the first order connection Γ. Note that the curvature R (65) of a first order connection Γ on a fibred manifold Y → X induces the soldering form
on the fibred jet manifold J 1 Y → X. Also the torsion (66) of a first order connection Γ with respect to a soldering form σ on Y → X and the soldering curvature (67) of σ define soldering forms on J 1 Y → X.
